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ABSTRACT 
We prove the following Main Theorem: Let S he an irredundant generating set for 
the algebra M,(F) of n X n matrices over a field F. Then the cardinality of s is at 
most3ifn=2,andatmost2n-2ifn>2. 
INTRODUCTION 
In this paper we prove 
MAIN THEOREM. Let S be an irredundunt generating set for the algebra 
M,(F) of n X n matrices over a field F. Then the cardinality of 5 is at most 3 
ifn=2,andatmost2n-2ifn>2. 
A generating set S for M,(F) is calkd irredundant if no proper subset of S 
generates M,(F). 
We note first that the bound in the theorem is best possible. If n = 2, the 
set 
is an irredundant generating set for M,(F). 
In general for n > 2, the set 
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[where, as usual, E,, denotes the n X n matrix with 1 in the (i, j) position and 
zeros elsewhere] is an irredundant generating set for M,(F) of cardinality 
2n -2. 
The proof depends on the following result [2, (2.3.1)]. 
WEDDERBURN’S THEOREM. Let & be a j?nitedimensiowl algebra over a 
field F, and suppose that 6% has a bask consisting of nilpotent elements. Then 
& is nilpotent. 
We also use another result of Wedderbum [l, Theorem 4, p. 3861. 
WEDDEFZBURN’S PRINCIPAL THEOREM. Let ti? be a finite dimenskmul 
algebra over an algebraically closed field F, and let I(@) be the Jacobson 
radical of 6T. Then there exists a semisimple subalgebra S of @ such that & is 
the vector-space direct sum I( & ) @ S. 
The proof of the main theorem is by induction on n. The cases n = 3,4 
present particular difficulties and must be treated separately. The proof is also 
complicated by the fact that the bound 2n -2 does not hold for n = 2. The 
idea underlying the proof is to examine the structure of the subalgebras 
generated by the proper subsets of S. The induction hypothesis may be 
applied to the simple homomorphic images of these subalgebras. 
NOTATION 
The notation is standard with the following additions: 
zlc 
F[Xl 
I(@) 
0 
ISI 
L-1 
denotes the set of all p X q matrices with entries in F. 
[or alg( S ) if there is no likelihood of confusion] denotes the algebra 
(possibly without identity) generated by a nonempty set S over F. 
denotes the identity k X k matrix. 
denotes the algebra of polynomials (with identity) in X over F. 
denotes the Jacobson radical of the algebra @. 
denotes both the zero element and the zero algebra. 
denotes the cardinality of the set S. 
denotes the greatest-integer function. 
1. BASIC PRELIMINARIES 
LEMMA 1.1. Let S be a subset of M,,(F) (n >, 2). Then alg(S)= M,,(F) 
if andonly if alg(S U(Z))= M,(F). 
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Proof. Suppose alg( s U{Z}) = M,(F), and let & = alg( 5). Then @ is 
closed under multiplication by elements of S and by 1. Hence & is an ideal of 
M,(F), and thus (3 = M,(F). ??
LEMMA 1.2. Let S be a subset of M,( F). Then S generates M,(F) ooer F 
if and only if S generates M,(F) over 1’, where F denotes the algebraic 
closure of F. 
Proof. alg,(S) is spanned by the monomials in the elements of S. Note 
that a set of elements of M,(F) are linearly dependent over F if and only if 
they are linearly dependent over F. Hence dim,(alg( S )) = dim&alg& S)). 
The result follows. ??
This result enables us to assume in proving the theorem that F is 
algebraically closed. We make this assumption in the rest of the paper. 
We now prove 
THEOREM 1.3. Letkcn, let 
@= [Mkr) #M,(F), 
and let 
Suppose X,,Y,, * 0. Then alg( & U (X, Y >) contains Mk+ 1( F) as a subalgebra. 
Proof. Note that 
1 I Z/t OG@ 00 ’ 
so 
[i x:l~[~l 4 E~=alg(oJ{X,Y}). 
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Since X,,Y,l * 0, we have (Xl,Y,l)ij * 0 for some i, j. Note that 
and thus 
So we may assume that i = j= 1, and further that 
andxlyl+ ... +x,y,*O. 
We conjugate &, X, Y by a matrix of the form 
z 0 
[ I 0 V’ 
0 
Yl 0 
. . . . . * 
YnI 0 
CWM. There exists a nonsingular V such that 
(p,O,O,...,O) ad 
I 
Yl ‘l\ 
i \ 0 v-l : = . , Y:, : 0, 
where p = x,y, + -. - + x,ym. 
The second equation gives 
o\ - 
0 ’ 
I 
. . . 3 x,Y = 
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Now (xl,...,q,J(yl,..., y,)= p*O and thus (yi ,..., y,)‘G(x, ,..., x,)“, 
the orthogonal complement of (xi,. . . , xm)’ in F” under the standard inner 
product. Since the inner product is nonsingular, (xi,. . .,x,)’ ’ has dimension 
m - 1 and F” = (x1 ,..., xm)” @F(y,,.. .,y,)‘. Choose the columns 2,.. .,n of 
V so that they form a basis for (xi,. . . , xm)‘l. Then V is nonsingular and the 
Claim holds. 
We may assume V = Z in proving the theorem. But then %I contains Elk+ 1 
andE,+,, and thus ‘33 contains M,, i(F) as required. ??
We now observe 
LEMMA 1.4. Let r, k be natural numbers. Let C,,, C,, be vector sub- 
spaces of MkS ,(F), M,., k(F), respectively. Let & be a subalgebra of M,(F) 
containing the identity matrix. Then the set of all matrices of the fm 
Ml@) %uvl,~ 
@L%(F) @ + @fh,M,(F)~,,@ 
is a subalgebra of Mk + ,( F). 
LEMMA 1.5. Let A, B E M,(F) generate M,(F). Then M,(F) is spanned 
by I, A, B, AB. 
Proof. If not, there exist a, b,c E F with AB= cl + aA+ bB. Since 
As, B2 are also linear combinations of I, A, I, B, respectively, it follows that 
alg( A, B) = span{Z, A, B}. This is impossible. ??
2. THE CASE n = 2 
In this section we prove 
THEOREM 2.1. Let S be an irredundunt generating set for M,(F). Then 
IS 16 3. Zf IS I= 3, then there exists a non-singular T E M,(F) such that 
T-‘ST = {X,Y, Z}, where 
x= a O +az, [ I 0 0 Y= ; ; +pz, [ I z= d O +yz [ 1 e 0 
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Proof. Suppose A, B E S with AB = BA. Since by irredundancy and 
Lemma 1.1, A, B are nonscalar, A, B are nonderogatory and thus F [ B] = 
F [ A]. This is a contradiction. So AB * BA. 
If ISI > 3, let A, B,C E S. Then 9 = alg(A, B,C)* M,(F), so it is tri- 
angularizable, so its dimension is at most 3, again contradicting the irre 
dundancy (using Lemma 1.1). So ISI Q 3. 
Suppose ISI = 3. Let S E S be nondiagonahzable. We may assume (on 
using Lemma 1.1) that S = E,,. Now there exists T E S with tzl f 0. But then 
S, T generate M,(F). This is a contradiction. Hence S is diagonalizable. We 
may assume 
where a*O. 
Let T E S, T * S. Then alg(S, T) is triangularizable and we may thus assrmre 
that 
T= 8 ; +/3Z. 
[ 1 
Let U be the other element of S. We may write 
u= d f +yz 
[ 1 e0 ’ 
Now e * 0. If ef * 0, then T E alg(S, U), contradicting the irredundancy. 
Hence f = 0. Finally, 
and thus S - aZ E alg(Z.7, T) unless bd + ce = 0. This would contradict the 
irredundancy of S. Hence bd + ce = 0. This proves the result. ??
We now prove a replacement result. 
Tr-momr~ 2.2. Let S be an irredudznt generating set for M,(F) with 
ISI = 3. Let X E M,(F) be rwmcalur. Then there exists A E S such that 
(S \(A})u(X} generates M,(F). 
GENERATING SETS FOR MATRIX ALGEBRAS 40.3 
Proof. Using Lemma 1.1 and Theorem 2.1, we may assume that s = 
(A, B, C}, where 
A=[; 81, B=[; ;], C=[; ;] 
with bd + ce = 0. We may assume 
where (x, y, z) * (O,O,O). 
If yz *O, then alg(A, X)= M,(F). So we may assume y =O. But then 
alg( A, B, X) = M,(F) as required. ??
3. THE CASE n = 3 
In this section, we prove the result for n = 3. Suppose for the sake of 
contradiction that S is an irredundant generating set for M3( F) with ISI > 4. 
We first establish 
STEP 1. There exists a proper subset 5 of S such that alg( 5 ) is not 
triangulurizable. 
For suppose this fails. Let Xi, X,, X, E s. We may assume X,, X,, X, are 
triangular. But then (Xi - A,Z)(X, - A,Z)(X, - A,Z) = 0 for some A,, A,, h, 
E F. Hence X,X,X, is a linear combination of monomials in S U{Z} of 
degree at most 2. Hence we have, on repeating this argument, 
( * ) M-J F) is spanned by the monomials in S U {I} of total degree at 
most 2. 
Let X, Y, U,V E S and let 5 = (X, Y, tJ,V}. Note that 5 is a proper subset 
of S and hence alg(S) is triangnhuizable. So [U,V],[U,V]X,[U,V]XY are 
nilpotent. But now (* ) implies that [ U,V] M3( F) has a nilpotent basis. 
By Wedderbum’s theorem [U,V] = 0. Hence the elements of S commute. 
This is contradiction. So Step 1 is valid. 
Let 5 be a proper subset of S for which alg( 5 ) is not triangularizable. 
Then M,(F) is a homomorphic image of alg(9 ). Choosing a composition 
series for F 3 as an alg( 5 )-module, we may assume 
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(where 6Tii G F). Using symmetry, we may assume 
Since the theorem holds for n = 2, we may assume that 15 16 3. Also, 
using Lemma 1.1, we may assume 
M,(F) 0 
&(U= @ 
[ I 21 0 * 
Suppose first that J(alg(S )) f 0. Then there exists a nonzero 
T= ’ ’ 
[ 1 T 0 21 
(T,, a2xl matrix) 
in alg( 5 ). But then let X E S with 
and XIz==O. 
Such an X must exist, since alg(s) = M,(F). By Theorem 1.3, alg(S U {T}) =
M,(F) and we have a contradiction. This proves J(alg(S )) = 0. Hence we 
may assume 
Suppose now that there exists 
x,1 x12 
x= x I I 21 x22 ES (Xl, 2x2) 
such that X,, == 0 and X,, * 0. Since 
12 0 
[ 1 o o -wn 
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we have 
So, by Theorem 1.3, aIg(S U(X}) = M,(F). This again gives a contradiction. 
Suppose next that 15 1 = 2. Since aIg(S) = M3( F), there exist 
with X,, * 0, Y,, * 0. But then by Theorem 1.3, aIg(S u (X, Y}) = M,(F), 
again giving a contradiction. 
Thus we must have 
STEP 2. 3 is an irredundant generating set for 
with 15 I= 3. 
If 
Xl, x12 x= x 
[ 1 x ES, 21 22 
then either X,, = 0 or X,, = 0. Let 
with X,, f 0, Y,, * 0. Using Lemma 1.1 we may assume X, = 0, Y, = 0. 
Let 
By Theorem 2.2, the fact that X,2Y21 is nonscalar (being of rank one) implies 
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that alg(5 ) is generated by X,,Y,, and some pair of the Xi’s. We may assume 
&(X1, x2, X1&21) = K!(F). 
Suppose now that Xi,, Y,, are dependent. If Xi, = 0, then 
[i ‘t][z: o]=[xlp i]=Z, say, 
Edg([: :I,[: i],X,Y)=L, say. 
So & = M,(F) and we have a contradiction. 
The same argument works if Yii = 0. If Xi, = BY,,, then 
[ -poY,, xoLp]E@ 
and thus again Z E & and we have a contradiction. 
Suppose finahy that Xi,, Y,, are linearly independent. Note that 
spa.n(X,,,Y,,) is a twodimensional, and span(X,, X,, Z) is a threedimen- 
sional, subspace of the four-dimensional space M,(F). So they intersect 
nontrivially. Hence again we get 
and we have a final contradiction (using Lemma 1.1). 
4. PRELIMINARIES FOR THE GENERAL CASE 
In this section, we prepare the ground for an inductive proof of the 
theorem. The idea is to generalize the methods of Step 1 of Section 3. 
THEOREM 4.1. Let S be an irredundunt generating set for M,,(F) with 
@j>n+2. Thenthereexistsapropersubset5ofSszcchthatalg(~)isnot 
triungularizabk 
(1) .((#-“uow)wds=(,g)U~ 
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we may assume that 
A= 
am 0 0 0 
& r-lr-1 0 0 
* * 0 
&ri 
(some r >, 1) , 
where CZii = F or M,(F). Suppose that there are exactly m i’s with 6Zii = 
M,(F). We now claim 
& =span(mon,+,_,(5)). 
Let P = X,X,. . . Xn+*. We construct II = PIP, * * * P, as follows: 
(I) 
(a) PI = X, - h,l, where X, is the (n, n) element of X,, if &ir = F. 
(b) PI = X,X2X, - Q1 where Q1 E s an mon,(X,, X,, X,)) is such that P ( 
the restrictions of X,X,X, - Qr to &ir is zero if &?ii = M,(F). Such an 
element Qr must exist. This is obvious if alg(X,, X,, X,) restricted to @ii is 
not M,(F). If alg(Xi, X,, X,) restricted to @ir is M,(F), then M,(F) is 
spanned by mon,(X,, X,, X,) (using Lemma 1.5), so again Qi exists. 
HavingdefinedP,,Pz,...,Pj,wesupposeP,P,...PjinvolvesX,,...,X,.If 
&?j+rj+l = F, we write Pj+l = X,+1 - Xt+lI, where X,,, is the restriction of 
X t+l to ‘j+lj+l’ 
If %+1t+1 = M2(0, we let P, = Xt+lXt+2Xt+3 - Qt+l, where Qt+l E 
v~(mond%+l, X,+z~ Xt+3)) is such that the restriction of Xt+rXt+sXt+a 
to %+it+r is equal to that of Q,+i. 
Proceeding thus, we define the product II. Note that the product II 
involves all the X ‘s, since we have used three X’s for each of the m eii’s 
which equal M,(F) and one X for the remaining n -2m &‘s. 
Note that by construction l7 = 0. This implies that 
But now (1) follows on repeating this argument. 
As a consequence we have 
M,,(P) = span(mon,-i(S)) where k = [3n/2]. (2) 
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Toseethiswenotethat2m<n,son+m<k.Let Y,,Ys ,..., Y,,Z~S,with 
s<k-1. 
Let A, B, C E S be such that alg( A, B, C) is not triangularizable. Such 
elements exist by Theorem 4.1. Let 
5= {Yr,..., Y,, Z, A, &Cl. 
Notethat]5]d(k-1)+4<]S], so alg( 9’ ) is a proper subalgebra of M,(F). 
Let W,, W, E alg( A, I?, C) be such that [W,, W,] is not nilpotent. Because 
of the structure of alg(A, B, C) we have that [W,, WJ2 is scalar on each 
simple factor of alg(A, B, C). Hence, by the structure of alg(9 ), 
is nilpotent. But this holds for every Yr, . . . , Y, E s and every s < k - 1. Hence 
by (2), 
[PwYz1”~ z] M”(F) 
is nilpotent. So, by Wedderbum’s theorem, 
[[w,,w212, z] =o. 
Since this holds for all Z E S, we deduce that [ W,, W,] 2 is scalar. 
However, by construction, [ W,, W,] 2 f 0. Also, [ W,, W,] 2 is zero on any 
simple factor of alg(A, B, C) different from M,(F). 
Hence, using a suitable similarity, 
dg(A,RC)= 
@u 
@22 
* *. 0 
& 
PP 
where eii = M,(F) for all i and n = 2~. Then conclusion (2) of the theorem 
follows by an application of Wedderbum’s principal theorem. ??
We note that if in the proof of the claim (l), we know that alg( Xi, Xi+ r ) 
is triangularizable for all i, we may replace the product Pi+, - Qj+r in the 
470 THOMAS J. LAFFEX 
construction of II by (X,+i - Xt+iZ)(Xt+s - &+sZ), where the A’s are the 
diagonal elements of the restriction of Xt+i, Xt+s to ej+il+i. But then 
the product II will have length n and the claim (1) may be replaced by the 
stronger statement 
M,(F) = span(mon,&)). (I’) 
Completing the proof in a similar manner, we thus obtain 
THEOREM 4.3. Let S be an irredundunt generating set far M,,(F), and 
suppose 
(a) ISI > n +4, 
(b) dg(A, B) is triunguldzablefbr euch A, B E S, 
(c) alg( 5 ) does not contain Ms( F) fi any proper subset 5 of S. 
Thenthereexi&st~l,positiveintegersa,,...,a,withn=2(a,+--~ +a,), 
and elements A, B, C E S such thut alg(A, B, C) contains a s&algebra simi- 
lar to 
We note that the condition 1 S I> n + 4 is satisfied by any counterexample 
to the muin theorem with n > 4. 
5. THE REDUCTION PROCESS 
In order to prove the main result by induction, we need the following 
process. 
Let 9be a semisimple subalgebra of M,(F) containing the identity matrix. 
Assume that 
Writing (M,(F)), for the standard embedding of M,,,(F) in M,,(F) as block 
scalars, we may write (after a suitable conjugation) 
for some positive integers k,, . . . , k,. 
Let X E M,(F). We write X = (X,,), where X,lis an qk, x rbl matrix. Fix 
(i, j) and let Y = X,,. 
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We write 
471 
Y=(Y,,) (u=1,2 )..., ki, u=1,2 ,...) q, 
where the blocks YU, are ri X rj matrices. Let 9 be the F-span of {Y,,}. If 
9==O,chooseabasisB,,...,Z?,for~with{B, ,..., B,}G{Y,,}. 
Note that we may write (symbolically) 
Y=M,B,+ a-- +MqBq, 
where the M, are k, X k j matrices. [For example, if 
Yll yl2 
y=Y Y [ 1 21 22. 
with Yii, Yia independent and Yzl = aYll + PY,,, Y, = yYll + SY,,, then 
with B, = Yll, B, = Y,,.] Note that Y is the Kronecker product 
Y=M,@B,+ .a. +M,@B,. 
Let ?=(M,W,+ --. + M,@T,& E M,,,,(F)), ad let 
ir- {M,,...,M,}. 
If 34 = 0, let Y = {O}. Note that Y G Mk,, kl(F). This defines Xij and Xij for 
each (i, li>. 
Let X, X be the set of all matrices of the form (K,J where Kij E ifij, zij, 
respectively. If ET 5 M,,(F), we write 3 = {?]T E 5 }. 
In this section we prove the following result concerning a subset S of 
M,(F)* 
THEOREM 5.1. Using the above notation, $5 U ‘3 generates M,(F) if and 
only if $ u ‘$generates M,(F), where g = k, + - - - + k,. 
Proof. For X = (Xi,) E M,,(F), we write (X)i, [or (X,,),,] for the matrix 
whose (i, j) block is Xij and all other blocks are zero. Note that (Z)ii and (Z)ij 
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are in 9, so we have 
STEP 1. If!3 E s, then (S),,E alg(s U %)= &, say. 
STEP 2. 
sij as 
If S E S, then (M,,(F)SijMrJF)),jE @, where M,{(F) acts m 
k i times 
This follows from the fact that ((M,,(F)),,),, and ((M,,(F))kj)jj E 3. 
We now show 
STEP 3. IfsES, then SC&?. 
It suffices to show that (Si j)ij E CL Let Y = Sij, and let Y = (Y,,) and 
9 = span{Y,,) etc., as above. Then 
Y=M,@B,+ --. +M,sB, 
as above, where B 1,. . . , Bq are independent. 
Regard the space V = Mri, r,< F) as an M,,(F) 0 F M,J F )-module under the 
action 
W( c D$H,) = c D;WHp 
(where ’ denotes transpose). 
Now V is a unitary M,{F)@,M,(F) z M,,,JF)-module, and hence it is a 
direct sum of irreducible modules. S&e dimV = qrj = dim M, where M is the 
unique irreducible module for Mri,,(F), V is faithful and irreducible. So the 
Jacobson-Chevalley density theorem applies [2, p. 411. Hence, given B,, . , . , B, 
independent and T,, . . . , 
such that 
Tq arbitrary elements of M,*,,j F), there exist Dp, HP 
that is, 
B”(CD,QH,) = T,, 2) = 1,2 ,...,q, 
CD;B,H,=T,, u=i,2 ,..., q. 
Now Step 2 implies the result. 
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Let Eij = span{Sij~S E S U ‘%}. We now describe the elements of @. 
STEPS. lfA=(Aij)E&, thenAijEqj, where 
all 12 1, all L,, E Cx,, all i,, . . . ,il+, with i, = i, iI, I = j}. 
The converse is also true, i.e., if A E M,,(F) is such that all Aij are of this 
form, thenAE& 
To see this, note that 8 is generated by Sand all the {(S),,lS E 5). Hence 
it is generated by all the (( Mri( F))ki)ii and (S)i, Note that all the elements of 
(S)ijand (‘?F)ijh ‘e in Ti . So we need only show that 5 = (?& .) is an algebra. 
But this is clear, since th e products may be of arbitrary len gth . 
Conversely, all the elements of (x j)i j belong to @ by Steps 2 and 3. So any 
A of the given type lies in &. 
In particular, we have 
STEP 5. @ = M,,(F) if and only if Tj= Mk,r,,ki’l(F) for all i, j. 
Note now that &consists of the diagonal matrices (1)ii,. . . , (I),,. 
Note that for S E S, Sij is the span of all matrices of the form 
where T,,..., T, are arbitrary elements of Mri, rj F) and M,, . . . , M,_are fixed 
elements of Mk,, k,( F). (Here M, and 4 are functions of S, i, j. Also, Sij = {O} if 
si j = 0.) 
Hence a typical product 
LiligLizig ’ * * Liril+, 
is a linear combination of products of the form 
where TCp) is an element of M,,, i,+l( F), and hence is a linear combination of 
products of the form 
p = M($f;T . . . @,)@T(‘)T@) . . . T(l), 
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So Tij is the space spanned by all such products. For a j%red sequence 
a=ar,as,..., i,, r = j, the T’s are arbitrary, and hence for fixed (I$:)}, the 
span of all the products of T’s occurring in such products P is M,*, rJ F). 
Hence 
&mGJij= rirjdim9Rij, 
where 
xij = span{ Mi;)Mi; . . . MA)}. 
Here the product of the M ‘s is taken over all sequences i, = i,, is,. . . , i,, r = j 
where Me) is one of the matrices arising in the description of Si,i,+l for some 
s E s. 
Hence we have 
STEP 6. Tijii= Mrikr,r$j (F) if and only if 
xi,= Mkd,k,<F>’ 
But now applying the argument of Steps l-5 to @and 6, we get 
STEP 7. 91Li j = Mk,, kl( F) if and only if 
alg(hh)=M,(F), 
where 
g = k, + . - - + k,. 
Now Steps 5,6, 7 imply the theorem. 
6. PROOF OF THE MAIN THEOREM FOR n * 4 
Suppose the main theorem fails, and let n be the least integer for which it 
fails. Let S G M,,(F) be an irredundant generating set for M,(F) with 
IS/ > 2n -2. 
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Suppose first that S contains a proper subset 5 such that alg(7 ) has 
M,(F) as a homomorphic image for some k > 3. Applying the theorem to 
Mk( F), we see that there exists a subset of S of size at most 2 k - 2 which 
generates this image (modulo the kernel of the homomorphism). Hence we 
may assume that l?T 1 Q 2k - 2. Applying the Wedderburn principal theorem 
to alg( 5 u (I)), we obtain a semisimple subalgebra ‘% which complements the 
radical of alg(s U(Z)). So 9ha.s M,(F) as a direct summand. Now apply the 
reduction process of Section 5 to s, $. Theorem 5.1 states that $ U ‘% 
generates M,(F) (using the notation of Section 5). But now if g > 2, we may 
apply the main theorem to conclude that there exists a subset % of S U Swith 
I~X,I~2g-2suchthat~generatesM,(F).ForeachXE~,letS=S(X)ES 
be such that S contains X (S need not be unique, but we just pick one S fo: 
each X). Let S,={S(X)IXE%,I. Then I&,1< l%l<2g-2. Now &,lJ% 
generates M,(F), so, by Theorem 5.1, S, U ygenerates M,(F). Hence S, U 5 
generates M,(F) and thus S = S, U 5. But then 
ISI G I&Jl+l~ I 
<2g-2+2k-2 
<2(n-k+l)-2+2k-2 (since g < n - k + 1) 
= 2n -2, 
giving a contradiction, 
If g = 2, then k = n - 1 and thus we may assume (using symmetry) that 
alg(5)= [M,_:(F) 1 n] 
But now a simple application of Theorem 1.3 (as was done for n = 3) shows 
that there exist X, Y E S such that alg( 5 U { X, Y }) = M,(F). So 
s=s u{X,Y} 
and 
ISI Q 2(n - l)-2+2 = 2n -2, 
again giving a contradiction. 
We note that if S contains a pair A, B of elements such that alg(A, B) 
contains M,(F), the above argument also gives a contradiction. 
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Hence we now have: 
(i) alg( 5 ) does not contain Ms( F) for any proper subset 5 of S. 
(ii) alg(A, B) is triangukrizable for all A, B E S. 
Now if ISI 2 n + 4, we may apply Theorem 4.3 to conclude that S 
contains three elements A, B, C and there exists some t >, 1 and integers 
ai,..., a, with n = 2(a, + * * * + a,) such that alg(A, B, C) contains 
68 = MF))QI@ * * * @ G%wLlt. 
But now we apply the reduction process with g = ‘%, and again the minimal- 
ity of n gives a contradiction. 
Hence we must have IS 1 Q n + 3 and thus n = 4. This shows that we have 
reduced the proof of the theorem to the case n = 4. 
7. THE RESIDUAL CASE WHEN n = 4 
The arguments already given imply that if S is a counterexample to the 
main theorem for n = 4, then 
(i) S has no proper subset 5 such that alg( 5 ) contains Ma(F); 
(ii) S has no proper subset 5 such that 19 I < 3 and alg( 5 ) contains a 
subalgebra similar to M,( F)@M,( F) or (M,(F)),; 
(iii) alg (A, B) is triangularizable for all A, B E S, and 
(iv) S contains a subset ET with 15 I = 3 such that alg( 5 ) 2 A4a( F). 
Choose 5 satisfying (iv). Choose a semisimple subalgebra 9 of alg( 5 ) to 
satisfy the conclusion of Wedderbum’s principal theorem. We may assume 
that 
GJi= M,(F) 0 
Ll-1 0 *’ 
where * = {O}, F, or F Q F. 
Given X E M,(F), we write 
x11 x12 x= x 
[ 1 21 x22 ’ where Xij~ M,(F). 
IA fxB = alg({S,(S E S}). 
Suppose %& = M2( F). Suppose 5Kss is not generated by any pair A,, B, 
with A, B E S. Then there exist P, Q, R E S such that %= is spanned by 
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I, Pzz, Qzz, R,. Now by Lemma 1.4, there exist X, Y E S such that X,,?CzY2, 
* 0, and hence there exists Z E S U{Z} such that X,,Z,Y,, * 0. 
Let e=S u(X,Y,Z>. Note that ICIg6, so C?*s. However alg(c) 
contains 
so, by Theorem 1.3, alg(C) contains a subalgebra isomorphic to M,(F). This 
contradicts (i). 
Suppose 9CB * M,(F). Then %& is triang.ularizable, and hence it is 
spanned by the elements {X,(X E S U { I}}. We may repeat the above 
argument to again get a contradiction. 
Hence we have eliminated all but the following situation: 
(v) x2, = M,(F), and th ere exist P, Q E S such that ‘%, is generated by 
(paa, Qzz>- 
Let C = 5 U { P, Q}. Note that 1 Cl < 5, so we may assume that alg( C) is of 
the following shape: 
M,(F) 0 
51 1 M,(F) * 
[Note that alg(C) contains 
0 0 
‘9and ox 
[ 1 22 
and thus contains M2( F)@M,(F) or (M,(F)), as a subalgebra.] 
Suppose alg(C) is semisimple. Note that condition (ii) above 
ICI > 4. Hence 
implies that 
and thus !?Cx, is a homomorphic image of alg(C). But this contradicts the fact 
that it is two-generated [using (iii)]. 
Hence we have that alg(e) is not semisimple, and thus it contains an 
element 
z?=; ; 1 1 with B21 f 0. 21 
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Let T E s with T,, * 0. Note that alg(e U(T)) contains 
Since le U{T)( = 6, this is a final contradiction. So the main theorem is 
proved. 
CONCLUDING REMARKS 
(1) If the set S is such that every nonempty subset 5 of S generates a 
semisimple subalgebra, then we show elsewhere [2] that 1 S I< n. 
(2) It is easy to extend the result to sets of generators of semisimple 
subalgebras of M,,(F). However we note that the nilpotent subalgebra 
of M,(F) requires kl generators, where k = 1 = n/2 if n is even and k = 
(n - 1)/2,1= (71 + 1)/2 if n is odd. So a linear bound for $1 fails for general 
subalgebras of M,(F). 
(3) As pointed out in the introduction, the bound in the main theorem is 
attainable. An interesting open question is that of determining those sets S for 
which the bound is actually attained. The reduction process should be helpful 
here. In particular, an easy application shows that if S is an n-redundant 
generating set for M,(F) with IS I = 2n - 2, then alg( 5 )/J(alg( 5 )) is a direct 
sum of copies of F and at most one copy of M,(F) for all subsets 5 of S with 
151=3. 
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